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The stability conditions of phase equilibrium for various concentration variables
are educed according to thermodynamic principle. When a system with k components
arrives at stable equilibrium, if the mole number n; or the mole fraction y,; (= n; / ng) or
molality m;[= n;/(nkMk)] of component i (i =1, 2,...,k— 1) are elected as concen-
tration variables, thermodynamic theory is able to confirm that the sign of every order
determinant composed of the second-order partial differential of chemical potential
with respect to these concentration variables is positive; if the mole fraction x; (= n; / n)
or mass fraction w; (= n; M; / W) are elected as the concentration variables, thermody-
namic theory is only able to confirm that the sign of (k — 1) order determinant is pos-
itive; if molarity c; (= n; / V) are elected as the concentration variables, thermodynamic
theory is not able to confirm the sign of every order determinant.
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1. Introduction

We know that there are four kinds of equilibriums in thermodynamics: thermal
equilibrium, mechanical equilibrium, phase equilibrium and chemical equilibrium.
Correspondingly there are four kinds of equilibrium conditions and four kinds of
the stability conditions of equilibrium. At present we only discuss the stability con-
dition of phase equilibrium. The form of the stability condition of phase equilibrium
is different with the difference of concentration variables elected. Now we educe the
stability condition of phase equilibrium for various concentration variables accord-
ing to thermodynamic principle. They have obtained important application in ther-
modynamic theory of multi-component phase equilibrium [1-5].

2.  The stability condition of phase equilibrium for various concentration
variables

Supposing that there are k components and ¢ phases in a closed system
without adiabatic walls, rigid walls, semi-permeable walls and curved interfaces,

141

0259-9791/05/0800-0141/0 © 2005 Springer Science+Business Media, Inc.



142 Z. Shimin| The stability condition of phase equilibrium

and chemical potential and mole number of various component in the system is
wn and n, respectively. Therefore Gibbs free energy G in the system is

¢
G=3 3 n"u M

o=1 i=1

The condition of closed system is
Zn@ =n; =constant (i=1, 2,...,k). ()

To find the stability condition of phase equilibrium is just to find the sufficient
condition to make G minimum under isothermic and isobaric condition as well
as restrictive condition (2). Differentiating equation (1), we obtain

Z Z wOdn® + Z Z n@du® . 3)

o=1 i=1 o=1 i=1

Substituting Gibbs—Duhem formula
k
Z (U)dlu(ff) 0. (4)
i=1

into equation (3), we obtain

k

@
— Z Z (O)dn(ﬂ) Z Z Ml((r)dn(a) + Z Mfwdn(@- (5)

1i=1 o=1 i=1

Differentiating equation (2), we obtain

@ p—1
Y dn” =0 or dnf =-) dn{. (6)

o=1

Substituting equation (6) into equation (5), we obtain

Z Z [M(G) (<P) (U)‘ (7)

o=1 i=1

When the system arrives at equilibrium, we have

k
Z @ _ 4, @14n@ = 0. @®)

Il Mgf
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We obtain by equation (8)
W =uf =12, ko=1,2...,9-1). 9)

Equation (9) is just the necessary condition of phase equilibrium. Now we find
the sufficient condition of phase equilibrium, namely the stability condition of
phase equilibrium. Differentiating equation (7), we obtain

k

Z (o) _ (‘/J) d2 (0) (10)

o—1

k
d’G = Z (0) (rp) (o)

o=1 i=1

I M‘T’

Substituting equation (9) into equation (10), we obtain

k o—1
Z Z [dﬂ(a) dﬂg(p)]dnEO) Z Z dM(o)di’l(U) Z dﬂ,@) Zdnl@)‘
o=1 i=1 o=1 i=1 i=1 o=1
(11)

Substituting equation (6) into equation (11), we obtain

o—1 k

G =) duVdn” + Z dp”dn{®

0111 i=1

_ Z Z duf")dn((’) Z ZdeU)d [ (@) (0)]

lel o=1 i=1

— Z Zx(”)du(”)dn(") + Z (0) Zdu(a)dx(“)

¢ dn()

= Z n”du(g) + Z n@ Z d,u(a)dx(g), (12)
i=1

o=1

where x¢ (= n? /n°) is the mole fraction of substance i in ¢ phase. Substituting
equation (4) into equation (12), we obtain

@ k
¢*G =3 "n> du”dx{, (13)
when the system arrives at stable equilibrium, we have d’G >0, viz.
) k
Z n@ Z d,ul@dxi(a) > 0. (14)

By equation (13) we know that the second order differential of G only depends
on the differential of intensive property ,ul@ and xi(a), and is independent of the



144 Z. Shimin| The stability condition of phase equilibrium

differential of extensive property n(®). This means that the sufficient condition of
stable phase equilibrium only depends on intensive property. By equation (9) we
know that the necessary condition of phase equilibrium only depends on inten-
sive property too. Hence the magnitude of n'® do not affect phase equilibrium.
So we suppose that n®) is constant, thus equation (6) becomes

@ @ @
S dn® =3 dxne] =Y n7dx” = 0. (15)
o=1 o=1 o=1

Owing to restricted by equation (15), the differentials in equation (14) are not all
independent. It is very difficult that if we eliminate dependent differentials in equa-
tion (14) by equation (15). Therefore we must look for other method to avoid this
difficulty. Now we prove that if equation (14) is tenable, then no doubt we have

k
Zd,ul?”)dxl.(”) >0 (For all o), (16)
i=1

where Zf;l duf”)dxi(“) is not all equal to 0 for o. Supposing equation (16)
is not tenable for a certain phase or some phases, viz. Y r_ du'” dx'” <0,
then we may make n®" enough big for this phase or these phases, and the
rest n°) enough small, even approach 0 (but not equal to 0, otherwise the
number of phase is ¢ no more). n°) is extensive property, its magnitude does
not affect phase equilibrium, phase equilibrium is decided by intensive property.
¥ dupdx® is intensive property, it does not change with n®. After n®
is selected in this way, the sign of Y"¢_ n@ Y% du!”dx” is determined by
Zle d,uf”)dxi(a) with negative value, thus equation (14) is not tenable. In this
way we have proved the validity of equation (16). Now we may disregard the
interphase concentrations restrictive condition equation (15).

Thereinafter we only consider inequality in equation (16), and ignore right
superscript o:

k
> duidx; > 0. (17)
i=1

2.1. The stability condition of phase equilibrium for concentration variables n;

Although we may disregard the interphase concentration restrictive condi-
tion, we need to consider the inphase concentration restrictive condition yet. The
number of the inphase independent concentration variables is k — 1. Now we
eliminate dependent concentration variables in equation (17). Due to

k—1

k
> dpidx; =) dps g + dpgy dox (18)
i=1

i=1
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We define a new concentration variable
n; Xi

yvy=—=— or xi=xy (=1, 2,...,k—1). (19)
ng Xk

Apparently y, = 1. Substituting equation (19) into equation (18), we obtain

k k=1 k=1
Z dp; dx; = xi Z du; dy; + Z yidu; dxg + dpg dxg
i=1 i=1 i=1

k-1 k

= X Z du; dy; + Z yidu; dxg

i=1 i=1

k-1 k k-1
dxk
== d ,’d i — ,’d i = d id I 20
xk;:u y+xk§xu nguy (20)
Again
k k-1
O i i

du;, = —dn; = —dn; + —dny. 21
' ;3”1 " jX:I:anj I o D

By equation (19) we obtain
nj=my; (G=1 2,....,k—=1). (22)

Substituting equation (22) into equation (21), we obtain

o g, o
di =me Y —dy; + Y yj——dn + —dn
12:1: on; ! ]2:1: ! on; ony
k-1
0 i
=nkza—dyj+2y]a dny
j=t j=1 !
k—1 k k-1
W, dny I oW
— gy, + —% L= —dy;. 23
nk; o 0 g ;nl oy ,2—1: on; )

Substituting equation (23) into equation (20), and taking note of equation (17),
we obtain

> dus dx; = mexy dy; dy; > 0. (24)
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By Higher Algebra we know that if equation (24) is tenable, there are must

i I I
8?11 31’12 87’11
Ipa Ao A2
anl 8712 8”[ >0 (l: lv 2v"'7k_1)' (25)

Qu O diu
on; 0np ony

Equation (25) is just the stability condition of phase equilibrium for concentra-
tion variables n;. Because every component may be regarded as the first compo-
nent, by equation (25) we obtain

o
o (=1,2,....k (26)
8l’li

But equation (25) can not be replaced by equation (26).

2.2. The stability condition of phase equilibrium for concentration variables y;

By equation (24) we know that n; is always fixed for the partial differential
of p; with respect to n;. So by equation (22) we obtain

onj =mdy; (=1, 2,....,k—=1). 27)
Substituting equation (27) into equation (25), we obtain

dyr dy2 ay
duz Az 2

ayr 8y, oy |>0 (=1,2,...,k—1). (28)

dma | B
dyr 9y ayi

Equation (28) is just the stability condition of phase equilibrium for concentra-
tion variables y;. Because every component may be regarded as the first compo-
nent, by equation (28) we obtain

oL
B0 (=1, 2, ....k. (29)
dyi

But equation (28) can not be replaced by equation (29).
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2.3. The stability condition of phase equilibrium for concentration variables m;
Molality m; is defined as
n; Yi

i = = — i=M i .=1, 2,...,k—1, 30
m= = gmi (i ) (30)

where M, is mole weight of component k. Apparently m; = 1 / M. Substituting
equation (30) into equation (28), we obtain

Opr dpr Oy

dm; dmy om,
dpp dpa g
am; dm, am; | >0 (=1, 2,...,k—1). (31)

oy Oy ey
dmy 0m> om;

Equation (31) is just the stability condition of phase equilibrium for concentra-
tion variables m;. Because every component may be regarded as the first compo-
nent, by equation (31) we obtain

o
o (=1, 2,...k. (32)
8m,-

But equation (31) can not be replaced by equation (32).

2.4. The stability condition of phase equilibrium for concentration variables x;

Owing to
k 8,u k 8M
i i
d,ul = E 87(1”] = E 8_}1]d(x]n)
j=1 j=1
. i o
- Pan 40y g
J J
j=1 anj j=1 anj
k k
1 o Z oL
j=1 j=1
k k—1
i i i
=n E ﬁjdx] =n E de]—{—na—nkdxk
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i o
=n : %dx, I’la—nk —de]‘
j=1 j=l1
k-1
(8Mi aﬂz)
=n — — — |dx;
X on;  Ong
By equation (33) we obtain
o ou; o
ﬁ=n(ﬁ_ﬁ> G=1,2,....k=1.
ij Bn]- 8nk
By equation (34) we obtain
(I VTN S E VTR I YA VAR IR
0x| 0x» 0x; any on; 0np ony ony ony
duy A 2 Oy Opy dpa  Bua  duy o
0xy 0x ox; | = n! on ony; dnp ony ony ong
dpa DA O _ Ot Ot B O O
0xy 0x 0x; on; 0ny omnp  Onyg on; ony
(The first column multiplied by negative sign add to other column)
Oy Oy duy Oy A A
on on; dny on on on
dpp  dpp dpp  dpp  dpa g
=n' any ony, ony ony ony ony
O _ O O B B B
8n1 ank al’lz 3111 al’ll 31’11

(33)

(34)

(33)

Every component from (/ 4+ 1) to k£ may be regarded as component k. So we
change subscript & in determinant on the right of equation (35) into j, add sub-
script j to determinant on the left of equation (35) [to denote the value of the
determinant related to choice of k], multiply two side of equation (35) by n;, and

then find sum from (I + 1) to k:

oy Oy TN

0x1 0x» 0x;

k oo O d 2

Z n;| dx; 0x ax;
=1 e e e
Bxl aX2 3)6[

Oy 9y duy O A A

on on; ony on ony on

k Oy Oua duy O Oz 02

=n' Z njl ony on; ony onj ony onj
j=i+1 . . .

O _ O O Bp O B

ony on; dony  dny ony ony
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SR TN N T RO N

j=ip1 Ong o janj dnp,  omy on; any

k o2 . opy Oy Oy dup  Ou

=nl j_zl—:Fl a_m ;1 jal’lJ 81’12 B 81’11 . al’ll B al’ll
Lo D D dw D

=T T on, farrd) / n; donp  0n ony on

M~
S
D
=
N)
\3
[ D
=
N)
D
=
N)
D
=
N)
D
=
N)
D
=
N)

o O Ay I Oy
Z"’am ZJ on,  on,  om  onm

(Multiply column 2 by n,, multiply column 3 by n3, ... multiply column / by n;)

w1 ou; 9 o oL I
nj— + n; n —n e n —n

jgl ! on, 12_1: / on; 2 ony 2 on ! on; ! on

k 0 0 d 0 0 0
o1 S n; 2 n an M2 - 2 — 1 2 7 M2 —n 2
=n— j=i+1 0mg = on; ony on ony on

[1n;
j=2 k I

a oy Oy o d o
> onj— an )>—— —Hp— - Bj— — N ——
=it ony o d ony on ony on

koo oy O L1 L1 L1
d>on; +n ny —ny ceen— — N —
= om on ony on ony ony
k 0 0 0 0 . 0
o1 S n; M2+nl Mznz Mz_nz Mz'-'nz%—mﬂ
=n— = om on ony on ! on
1—[ n; .. .. . e
=2 koo o Oy A o A
donj—+n— Np—— —Ny— - N— — N —
= om onj ony 8n1 ony on




150 Z. Shimin| The stability condition of phase equilibrium

Oy duy Ay dua O
=n |5 an, ony on any any

k

]E:I i 8n1 3112 8n1 3111 3121
k

2

in‘% O B O Iy
= "on; on,  Omy on on

Opy dpr  dur Oy A

on; d0np on ony on
duz dua  dpn  Oua 2
141 — ... _

=n ony onp on ony on

A Ay Iy oy
on; onp 0ng on;  dn

on; 0np ony
Iz dpa 2
=nl+1 ony onp ony (36)

dpy dpr Oy Opy dpr A

8x1 a)Q 8x, 8n1 3112 3111

I T TP R o2 B2

Z Xj| dx; 0xp 0x; =n! on; dny oy
= e
dxy 0x dxy | ony 0np ony

i=1,2,....k—1) (37
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By equation (25) and equation (37) we obtain

dpr Iy O
0x1 0xp 0x;
k dpp O O
Z Xj| dx; 0xp 0x; >0

j=l+1

Ay Iy a
0x; 0x 0x;

(=1,2,....k=1) (38

Equation (38) is just the stability condition of phase equilibrium for concen-
tration variables x;. The left of equation (38) is the sum of (k — [) different
determinant with [ order. We are only able to confirm the sign of (k — 1) order
determinant in equation (38), because when / = k — 1, equation (38) becomes

dpr O By
3X1 8XZ 3xk,1
dpr  dua I

ox1  0x Oxp_y | > 0. (39)
-1 Bpp—1 Il
3X1 8XQ 3xk,1

For example, for the solution composed of components A(1), B(2) and C(3),
k=3,1=1,2 Ifl =1, equation (38) becomes

d ad
XB (ﬂ) + xc (ﬁ> > 0. (40)

For the first term in equation (40), B is regarded as component k, so

0 d
ma = f(xa, xc), (BM—A) = (ﬂ> .
XA /)p 0XA e

For the second term in equation (40), C is regarded as component k, so

LTI LTI
ia=ron . (5e) = (7).
axa /¢ 9xA /

Generally speaking, (‘;’;—/‘:) # (?)MT//:) , except for ideal gases or ideal solutions.
Xi X)
If I =2, equation (38) becomes ’
dpua Oua

0xA O0Xp
XC aMB 8,“/3 > 0.

0xa 0Xxp
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For ideal gases or ideal solutions, chemical potential of substance i only
depend on mole fraction x; of substance i. So for ideal gases or ideal solutions,
determinant on the left of equation (38) is independent of x;, thus equation (38)

becomes
Oy Oy d
dxy 0xp Xy
dpa 2 GJT%)
3)61 axz axl
3)61 axz 8)61
or
RT
X1
0
0

oy Oy I
0x; 0x x;
k oy 2 GJ%)
Z x;j>0 or 0x1 0x3 ax;
fars .
0x1 0x> 0x;
I=12...,k—1)
0.--0
RT I
X—2-~0 :(Il?T) = 0.
0 ... R8T [
X1 i=1

>0

(41)

(42)

2.5. The stability condition of phase equilibrium for concentration variables w;

Due to mass fraction w; = n; M; / W(W is the total mass of the system), so

du;

X

k

_Z’

j=1

dui g ._Zaﬂt ( )
— on; an
k
wj i W o,
—dw ——d
M; on; +21:M on; Wi
i AW S W s
al’l] W -1 Mj al’lj J
W ou,;
— dej
Mj 8nj ’
M; dn; My ong

j=1
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k—1
1 op; 1 op;
=W (ot = ot Yau,

811)]' M] an Mk 8nk
So
Opr dpr  Ip
Jwy dw; owy
dpp dpa o
8w1 8w2 8w1

A O a
dwy dwy dwy

1 o 1 oy 1 0w 1 dpy 1 opy

ﬁl 31’11 Mk ank M2 8”2 Mk 3I’lk M] 81’11
I oy 1 9z 1 0 1 dp2 1 dpz

= Wl ﬁ] any ﬁk ony E ony M, ony a M; on; M, ony

L ow 1 o 1 0wy 1 0py 1 o

M1 81’[1 Mk al’lk Mz 81’12 Mk 8nk o Ml 8n,

(The first column multiplied by negative sign add to other column)

1oy 1 0py 1 0y 1 0y 1
M1 8111 Mk 3I’lk Mz 8]’12 M1 8n1 Ml al’ll
1 ouy 1 0ua 1 0un 1 0ua 1 dp,

= Wl ﬁ]anl Mk Bnk Eanz M, 31’11 ; Ml 8111

L ow 1 o 1 0w 1 9y 1 oy

M1 81’11 Mk ank M2 8n2 M1 37’11 Ml 3?11

ou; 1 o, 1 ou; .
L:W(_i__i> G=1,2,.. k=1

153

(43)

(44)

(45)

Every component from (I + 1) to k may be regarded as component k. So we
change subscript & in determinant on the right of equation (45) into j, add sub-
script j to determinant on the left equation (45), multiply two side of equation
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(45) by njM;, and then find sum from (/ 4+ 1) to k:

oy Opy a1
Jw; Jwr Jw;
k dp I GJI%)
E an; 8w1 dwy owy
i
3Ml A ]
8w1 8w2 ow; |;
Lo L ow 13w 1 3w
M, on; M; an Mz ony My on
k Lowy _ Uduy Uiy 1w
— Wl E n/MJ M, on M; dn; M ony M, ony
j=itl o w1 b 1 i
M] 3]11 Mj an M2 3}’!2 M] 3}’!1
L 19 s 10 19
u i 1 3w 1 3
> n J M oamy Z Njon; My omy — My o
j=I+1 j= l+1
k
oLy o 1 dpp 1 dup
—w! > ny J M oy Z Njon; My omy — My o
— j=Il+1 j=l+1
k 3 w19 19
A I o 1 ow
> niMjy My ony Z Njon;, Myomy — Miom
j=Il+1 j=l+1
a 19 ! du 12 19
ML kL Lo 1 oo 1o
Z n]M] Ml ni + Z n.] n; M2 3}’12 M1 3}’11
j=I+1 j=1
a 19 ! duy 10 13
ML 9K Loy 1 ofy 1 OKa
—w! 2 niMjgraz 4+ 3o n; an; My omy M am
= j=l+1 j=l
L 19 ! dw 10 13
ML 1 3w 1 3
> njiM; o om T > nj an;, My omy, _ M on
j=l+1 j=1

Z. Shimin| The stability condition of phase equilibrium

1 o

1 dpi

M] Bnl

Lo
M/ an[

1w

My on
1 du
M] am

L 3wy

M] 8}1]

M] 8n1
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(Multiply column 2 by n,M,, multiply column 3 by n3Ms, ... multiply column
l by I’llM[)

k
;1n'fMi 9 d 9 9 M> 9 ) M, 0
j=+l opn JOMy g, OML  mpMp Opy L, O My Ofy
M, any + lenj on n ony M, 0ony ny any M ong
]:
k
w! ;Jl"Mj 3 ! 3 3 M, 9 3 M; 9
J=Hl O JOMa o, Ofp  nmoMp opy L, O My Opy
=0 T ITI don; an; 129, M, o rrs M, n
11 niM;
j=2 k
;1’”% ] d 9 9 M> 9 ] M, 0
J=+l o O Oty mpMp Ot OB My Ofh
M, ony + Z:In/ an; n23n2 My 0ny ny any M 0ny
]:

(Every column multiplied by negative sign add to the first column)

k
'Zzanj Ll ) 9 M, 9 a M; 9
J== Ok 708 O mpbp Of1 o M opy
M, ang +n on n; ony My dn n any M, on;
k
w! > nM;
= i= a4 W2y o maMy Oy o My O
) M, ony 13]11 23}12 M| dny lan[ M; on
l_[ anj ) Ce .. ..
=2
! LM ? 9 M9 9 M9
= O1 9k Ol noMp Ofy O My ofy
M1 anl +n 8n1 n 8}12 M1 3}11 nl 3}’1[ M] anl
k
> niM;
=1 Oy maMy By B My O
M1 3}11 23}12 M[ anl l8n[ M] 8n1
k
Wl 2 niM;
= J=1 gy Ot _ oMy dpy | Oy My duy
I My ony 2%, M, on L on, M, Bnj
l_[zan] ) . .. .
= > niMj 1 .
=l g, B Mo dw o, O My
M, on| 23112 M; 0n 13}’!1 My 0n
Lo Ldwm  Low 0 Ldm 10w
M] 3]’!1 MZ 3}’12 M] 3}11 Ml 3"1 M[ 3n1
k Lowy 10w _ Lows  Lows _ 10w
= Wl E l’l]M] M, 9n; M, dns My ony M; ony M, on;
=l Lo 1 om 13w o 1ow 1 0m

My on; M, on, M ony M] ony V] ony
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I oy 1 dpy 1 dpg opy dpy e
M1 8n1 Mz anz M[ 3711 8n1 87’12 81’11
k I dpy 1 0pp 1 dpa Wi+l | 9m2 B O
= lean] M1 31’11 M2 37’12 Ml anl =7 on; dnp ony
= [T | o o
1 3#1 1 3#1 1 3#1 j=1 | O O
M1 8n1 M2 37’[2 Ml an, 3l’l1 8112 anl
viz.
o o1 P o B o
Bwl sz aw, 8n1 3112 3n1
Oy o J7%) w! oo O J7p)
Z Wj| dw; dwsp ow; | = 7 on; dny on;
= . [ | oo
O O Ol T Qe B A
8w1 8w2 811)1 87’11 31’12 3nl
(I=1,2,...,k—1). (46)
By equation (25) and equation (46) we obtain
dpur dpur I
8w1 8w2 8wl
k dpp dpa 2
Z wj | dw; dwsr dw; | > 0.
izt .
Jwy dw; aw,
(I=1,2,. —1). 47)

Equation (47) is just the stability condition of phase equilibrium for concentra-
tion variables w;. The left of equation (47) is the sum of (k —[) different deter-
minants with / order. We only able to confirm the sign of the determinant with
(k — 1) order, because when [ = k — 1, equation (47) becomes

dpur B By
8w1 aU)Z 3wk_1
dppr  dpa Ay
8w1 8w2 8wk_1
Op—1 -1 I
dw; Odws dwy_

> 0. (48)
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2.6. The stability condition of phase equilibrium for concentration variables c;

Due to molarity ¢; = n; / V(V is the total volume of the system), so

k

i £ A
dpi =) dej = Z gd (Vej)

j—l

= ch dV VZ—dc,
k
B I dV oW
Z Jan V Z d
W,
=V;%d —vz—d,+v—dck (49)
Due to

k k k
= Znivi = Z VC,-V,' viz. 1= Z C,'V,', (50)
i=l i=l i=l

where V; = (3V/ N7, pn, is partial mole volume of component i. Differentiat-
ing equation (50), we obtain

k k
0= Zcidvi + Zvidci = Zvidci (51)
or

deCj. (52)

Equation (52) is just the restrictive condition of molarity c;. Substituting equa-
tion (52) into (49), we obtain

k— -1 k—1 7
ou; vV — o 0 'V
dMi— g ai —i_— E deCj:V (i—iv—j>d61 (53)

By equation (53) we obtain

O i Vjow .
SV B R T TS T T (54)
dc; on; Vi 0ng
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By equation (54) we obtain

oy Op o
dc; 0c ac;
oo O J7p)
dcy 0cp ac;
acl aCZ acl
. Vidw dw Vadm o Vidm
ony Vi ong ony  V, omy on; Vo
dn_ Vidw b Vadws | dur_ Vi
on Vi on; onp Vi ony ony Vk ony
O Vidw O Vodw O Vidw
ony Viong ony V. 0ng ony Vi ong
I op I o 1 9py I au 1 apy 1 opy
1 0y 1 0pn 1 0pn 1 9 Loy 1 0ua
Viyony  V,ong Vy,ony V, dng V,0n  V, ong
Low  Low Low  1ow 0w  1ow
Vyony  Vidng V,0ny  V,ong Vidn, Vi ong

(The first column multiplied by negative sign add to other column)

1 oy 1 0y 1 oy 1 9y Loy 1 0w
Vi ony Vi ony VZ ony Vi ony Vi ony Vi ony
Lo Lo 1 ops 10w 1ope 13w
Vl 8]’!1 Vk ank VZ 3]12 Vl 8]’11 Vl 8”[ Vl 8]’11

L ow 1o 1o 1 oy Low 1 3w
Vi ony Vk ony VZ ons Vl ony Vi on; Vl ony

op_ Viow b Vaomow_ Viow

ony Vi ong donp  V, 9n on; 'V, on

9p2 _Vi0ua Ouz _ VaOu2  Okz Vi Oik2

ony Vi on; 0onp Vi on ony Vl ony

O _ Vadm O Vol 0w Vidwm

on Viong dny  Vy0n ony Vv, ong

(55)
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Every component from (I 4+ 1) to k may be regarded as component k. So we
change subscript & in determinant on the right of equation (55) into j, add sub-
script j to determinant on the left equation (55), multiply two side of equation
(55) by njVj, and then find sum from (I + 1) to k:

oy o
8c1 302 36‘1
koo |92 B dpg
Zn.jvj dcy 0cp ac;

Ay Iy d
dcy 0cp ac;

dpr Vidwr dur Vadw g Vidw

m Vom0 Tyomam v om
k dua  Vidugy 3y Vadus duz Vo

= Vl Z njVj on Vj al’lj ony V] any ony vl an

on Vj on; dny, V,on on; 'V, on

o = dpr Oy Vadur  dpr Viow
SGECIR D SPILCE e S
=t ony = on; 0dn Vi ong ony Vi 0ng

k O — o Oy Oy Vo ouo oy Vious
_— Y i V2 e T T o, V, any
= j=1+1 ni Pt n; onp Vi odng n V. dng

Ko — e~ D Vs d 9 V9

5,y Y g 2 O Vadia o Viom

=it on Pyl on; ony V,ony on; V,on

k 1 — iy dpr  Vadur  dur Vidwm

V. 4y -~ _ = B

Z v on 121’!, on; ony Vi on ony Vi ong

_y! A
=V j=1+1 any
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. multiply column /

by n; V)
koo — 0wy Gy — O — O — O
VL4 N L et [Zpeal R att
j;ln, ! on, +V ;nj on Vi nave ony m on; v ony
E oo 0RO — Oa — )
V! V224V 2 V2 V2 Vv —n V==
= g,}rl"’ ! dn, + 1Zn_, on 2 on, 2 23n1 v ony & [Bnl
— ! J j=l J
V= [Ty
j=2 !
koo 0w = oW — — Oy - — Oy
nVi,—+V nj— mVi— —nVy— Vie— —nV,—
j;l J ]anl 1; ]an./ 2V 2 Zanl Vi , 1 lan1
(Every column multiplied by negative sign add to the first column)
Koo 0wy~ 0p = 3 a I au
Vi Vi 2 v = V2 g v 2 v 2
_]'Z=2nj J 8n1 Vi 3n1 Vi 81’12 vz 8n1 v Bnl & Ianl
koo 0y =y — O — )
V! V22 4 Vin 2 22V, 22 Vi 222 v, 22
- r J;n] s + Vin o, Vg, TmVags mVig - mVig -
(Vl)l—l l‘[ n; .. .
= inv%—l—VnﬂnV%—nV@ V——nV@
j=2 [ np ! lanl 2 18}’12 2 281’11 ! 1 ! 8111
— o — Oy — O — 0 — 0
ZHJVJ o nzvli—nz‘/QL- nlvli—l’llvli
= onj ony onj on on
ko _ 9 — 0 — 0 — 0 — 0
2 2 2 2 2
V! anvji nZVIL_YQ ZL. .nlvli_nlvli
= ; =1 on ony on ony on
(Vl)l—l 1‘[ n; A .
j=2 k — 0y — dy — Oy Iy — Iy
S 7 P B B 2 B
=1 on on» on n; on
d 1 — 0 1 — 0 1 — 0 1 — 0 1
2 v, 2 2 LV, K1 v, 2
onj ony onj on; onj
yit+l GJT%) Vv, o2 — 2 Vlam — 0u2
LV —= -V, =
= = -1 8n1 al’lz 3?11 3121 8?11
V1) . )
I Vlam 7 O Vv, d _—lam
ony on ony ony any
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(Column 1 multiplied by V, add to column 2, column 1 multiplied by V3 add

to column 3, ...

oy — 0 —_ 0
M1 V. M1 -V, H“1
on ony ony
G 2 v, a2 7V, dua
S| o om O
o — O —
Sy = hadl
8711 31’12 an[
V divide into equation (56):
oy Oy I
dc; dcr ac;
ko | Om2 duo a2
Z CjVj dc; 0c¢p dacy
iz e e e
O
3C1 8C2 8C1

oy Opy dpy
301 8C2 acl
koo | Om2 dpp  dpg
Z ciVil dcy dcy dcy
et e
dcy 0cp dac

column 1 multiplied by V; add to column /)

oy O I
on; 0np ony
dpr 2 dua
Vl+1 8n1 an anl
QO
31’11 anz 8nl
oy O I
on; 0np on;
oy A2 a2
= Vl 8n1 anz 8n,
on; onp on
(I=1,2,....,k—1).
>0
(l=1,2,....k—1).

(56)

(57)

(38)

Equation (58) is just the stability condition of phase equilibrium for concentra-
tion variables ¢;. The left of equation (58) is the sum of (k — [) different deter-
minant with [/ order. When [ = k — 1, equation (58) becomes

Vi

dpur B
3C1 8C2 ack_l
dpa  Bpa
dc dcy 0Ck—1
Opr—1 1 I
3C1 8C2 ack_l

>0

(39)
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¢; is always positive, but V; may be either positive or negative. For example,
Vmgso, of MgSOy in aquatic solution is negative [6]. Hence, if Vi is positive,

equation (59) becomes

oy g I
8C1 86‘2 3Ck,1
dpr  dua I
acl 362 ack_1
Ipi—1 Bpp—1 i1
8C1 802 ack,l
Otherwise
oy Oy o
dc dcy 0Ck—1
dpup By
801 302 3Ck_1
-1 -1 Iy
dc dcy 0Ck—1

>0 (V> 0). (60)

<0 (Vi <0). (61)

Chemical potential of ideal gases only depends on molarity ¢;. So for ideal
gases, determinant on the left of equation (58) is independent of ¢;, and V; =
RT/p. Thus for ideal gases, equation (58) becomes

dpr Iy

361 8C2 8C1
Ipa dpa A2
dcy dcp ac;

A Iy ]
8C1 36‘2 36‘1

or

3.  Conclusion

8C1 862 E)cl
oo O J7p)

k
Zc,>0 or dcy dc ac; | >0 (62)

Jj=I+1

LI
0 RT .
0 0

I Iy oy
dcy 0c¢p d¢

!
(‘). = (IfT) > 0. (63)
RT [la

The stability conditions of phase equilibrium for various concentration
variables are educed according to thermodynamic principle. When a system
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with k£ components arrives at stable equilibrium, if the mole number n; or
the mole fraction y;(= n;/ny) or molality m;[= n;/(niMy)] of component
i(i=1,2--- k—1) are elected as concentration variables, thermodynamic the-
ory is able to confirm that the sign of every order determinant composed of
the second-order partial differential of chemical potential with respect to these
concentration variables is positive; if the mole fraction x;(= n; /n) or mass
fraction w;(=n;M; / W) are elected as the concentration variables, thermody-
namic theory is only able to confirm that the sign of (k — 1) order determi-
nant is positive; if molarity c¢;(=n; / V) are elected as the concentration vari-
ables, thermodynamic theory is not able to confirm the sign of every order
determinant
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